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Abstrat. The unitary irreduible representations of a Lie group denes the Hilbert spae on whih the
representations at. If this Lie group is a physial quantum dynamial symmetry group, this Hilbert spae
is identied with the physial quantum state spae. Hermitian representation of the algebra are observables.
The eigenvalue equations for the representation of the set of Casimir invariant operators dene the eld
equations of the system. The Poinaré group is the arhetypial example with the unitary representations
dening the Hilbert spae of relativisti partile states and the Klein-Gordon, Dira, Maxwell equations
are obtained from the representations of the Casimir invariant operators eigenvalue equations. The rep-
resentation of the Heisenberg group does not appear in this derivation. The unitary representations of the
Heisenberg group, however, play a fundamental role in nonrelativisti quantum mehanis, dening the
Hilbert spae and the basi momentum and position ommutation relations. Viewing the Heisenberg group
as a generalized non-abelian translation group, we look for a semidiret produt group with it as the normal
subgroup that also ontains the Poinaré group. The quapleti group, that is derived from a simple argu-
ment using Born's orthogonal metri hypothesis, ontains four Poinaré subgroups as well as the normal
Heisenberg subgroup. The general set of eld equations are derived using the Makey representation theory
for general semidiret produt groups. The simplest ase of these eld equations is the relativisti-osillator
that plays a role in this theory analogous to the Klein-Gordon equation in the Poinaré theory. This theory
requires a onjugate relativity priniple that bounds fores. Position-time spae is no longer an invariant
subspae and the quapleti transformations at on the full nonabelian time-position-momentum-energy
spae with dierent observers measuring dierent position-time subspaes.
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1 Introdution
The unitary irreduible representations of a Lie group are
unitary operators on a Hilbert spae dening transitions
between states and the representation of the algebra are
Hermitian operators that are observables. The eigenvalue
equations for the representations of the set of Casimir in-
variant operators dene the eld equations of the system.
The Hilbert spae is not given a priori, but rather is de-
termined by the unitary representations of the group. We
say the Lie group is a dynamial symmetry group if this
Hilbert spae may be identied with the physial quan-
tum state spae with the eld equations determining the
physial single partile states.
The Poinaré group of speial relativity is the arhetype
dynamial symmetry group. The Poinaré group ats nat-
urally on four dimensional position-time spae. Time is
not an invariant subspae under the ation of this group
and is observer dependent. The Poinaré group is a semidi-
ret produt of the over of the Lorentz group and the
translation group and its unitary irreduible representa-
tions may be obtained from the Makey theory for semidi-
ret produt groups. The eld equations dened by the
representations dene the basi single partile equations of
physis; Klein-Gordon, Dira, Maxwell and so forth. The
eigenvalues of the representations of the Casimir operators
are spin or heliity and mass.
The Heisenberg group is the semidiret produt of two
translation groups. It may be regarded as the generaliza-
tion of a translation group ating on a non-abelian phase
spae of position and momentum. Again, its representa-
tions may be obtained from the Makey representation
theory. The Hilbert spae of basi non-relativisti quan-
tum mehanis is dened by the unitary representations
of the Heisenberg group. The Lie algebra are the Heisen-
berg ommutators of position and momentum. There is a
single Casimir invariant that is the enter of the algebra
and the eld equations of this group are therefore trivial.
It is quite remarkable that the representations of the
Poinaré group gives rise to basi equations for single par-
tile states without any referene to the Heisenberg group
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that is pereived to be fundamental to quantum mehan-
is.
The question that this paper addresses is: What is the
onsequenes of dening a group that enompasses both
the Poinaré and Heisenberg groups.
The group satisfying this property is a semi-diret prod-
ut with a generalized translation normal subgroupN that
is the Heisenberg group (whih itself is the semidiret
produt of translation groups). The relevant automor-
phisms of the Heisenberg group are the sympleti group.
This together with the requirement for an orthogonal met-
ri leads to the pseudo-unitary group for the homogeneous
group K. This group ats on a nonabelian position, time,
energy, momentum phase spae. It ontains four Poinaré
subgroups, two assoiated with speial (veloity) relativity
and two dening a similar relativity priniple that gener-
alizes the onept of fore to hyperboli rotations on the
momentum-time and energy-position subspaes. We all
this group the quapleti group. It is a subgroup of the in-
homogeneous sympleti group, ontains four (a quad of)
Poinaré groups and has the quantum Heisenberg transla-
tions as a normal subgroup. The theory embodies Born's
reiproity [1℄, [2℄ and the new relativity priniple men-
tioned.
The physial meaning and motivation of the quapleti
group is presented and the unitary irreduible representa-
tion of the group and the Hermitian representations of the
quapleti Lie algebra are determined using Makey's the-
ory of representations of semidiret produts. This is the
same Makey theory that is used to determine the unitary
irreduible representations of the Poinaré group [3℄, [4℄,
[5℄. As with the Poinaré group, the hoie of the group
denes the Hilbert spae that is identied with quantum
partile states for the representations in question. The
eld equations that are the eigenvalue equations of the
representation of the Casimir operators, are obtained and
investigated.
2 Dynamial groups in quantum mehanis
The unitary irreduible representations ̺ of a Lie group
G at as unitary operators on a Hilbert spae H̺. That
is, if g ∈ G
̺(g) : H̺ → H̺ : |ψ〉 7→ ̺(g) |ψ〉 (1)
where ̺(g)† = ̺(g)−1. The Hilbert spae H̺ is deter-
mined by the group and the unitary irreduible represen-
tation ̺ and so we label it with the representation with
the group label impliit. The Lie algebra of the group
may be identied with the tangent spae of the group
a(G) ≃ TeG and the lift to the representation ̺′ of ele-
ments of the algebra X ∈ a(G) as Hermitian operators on
H
̺
̺′(X) : H̺ → H̺ : |ψ〉 7→ ̺′(X) |ψ〉
with ̺′(X)† = ̺′(X). The hoie of Hermitian represen-
tations for the algebra requires a omment. The natural
denition is in terms of anti-Hermitian operators that fol-
lows from the unitary ondition. That is, if g = eX , then
̺′(g)† =
(
e(X)̺
′)†
= e(̺
′(X)†) = ̺(g)−1 = e−̺
′(X).
and so ̺′(X)† = −̺′(X). Dening the Hermitian opera-
tor ˜̺′(X) = i̺′(X), it follows that ̺(g) = e−i ˜̺
′(X)
. Hene
forth, we drop the tilde and always uses Hermitian repre-
sentations of the algebra. Note that an immediate onse-
quene is the appearane of an i in the Lie algebra of the
Hermitian representation of the elements X,Y, Z ∈ a(G)
[6℄. That is, if [X,Y ] = Z then [̺′(X), ̺′(Y )] = i̺′(Z).
Quantum mehanis denes partiles states |ψ〉 to be
elements of a Hilbert spae H. Observables are Hermitian
operators H = H†, H : H→ H : |ψ〉 7→ H |ψ〉 and unitary
operators U † = U−1 denes the evolution of the states. A
omplete orthonormal basis |ϕx〉 satises 〈ϕx˜|ϕx〉 = δx˜,x
and |ϕx〉〈ϕx˜| = I where I is the identity on H. Ob-
servable matrix elements are hx˜,x = 〈ϕx˜|H |ϕx〉 with
hx˜,x ∈ R. A unitary operator U transforms orthonormal
bases into orthonormal bases |ϕ˜x〉 = U |ϕx〉 and hene pre-
serves probabilities 〈ϕ˜x˜|ϕ˜x〉 = 〈ϕ˜x˜|UU †|ϕx〉 = 〈ϕ˜x˜|ϕx〉.
The matrix elements of an observable H are 〈ϕ˜x˜|H |ϕ˜x〉 =
〈ϕ˜x˜|U †UHU †U |ϕx〉 = 〈ϕ˜x˜|H˜ |ϕ˜x〉 with H˜ = UHU †.
Casimir invariant operators Cα with α = 1, 2, ...Nc
are elements of the enveloping algebra of the Lie algebra
of the group, Cα ∈ e(G), that ommute with all elements
of the algebra; [Cα, X ] = 0 for all X ∈ a(G). The number
of independent Casimir invariant operators is Nc = Ng −
Nr. Ng is the dimension of the Lie algebra and Nr is its
rank. The Hermitian irreduible representation ̺′(Cα)
have eigenvalues cα that are real onstants for a given
unitary irreduible representation
̺′(Cα) |ψ〉 = cα |ψ〉with |ψ〉 ∈ H̺, α = 1, 2...Nc. (2)
These equations in the physial theory are the eld
equations for the dynamial group. The simultaneous so-
lution of these eigenvalue equations dene the observ-
able partile states of the theory and the eigenvalues de-
ne physially observable, onstant properties that are at-
tributed to these partile states.
We will say that G is a dynamial symmetry of a quan-
tum system if the following onditions are met. First, the
Hilbert spae H
̺
determined by the unitary irreduible
representations ̺ of a group G is idential to the Hilbert
spaeH of the quantum system in question,H ≃ H̺. This
means that the (partile) states of the quantum system
are states in the unitary irreduible representations of the
dynamial group. Unitary operators U dening unitary
evolution of the system are given by U = ̺(g) with or-
responding observables H = ̺′(X). The eld equations
dening the observable partile state are dened by the
eigenvalue equation for the representations of the Casimir
invariant operators. It is beause these dynamial aspets
of the physis arise from the group that we all the group
a dynamial symmetry, rather than just a symmetry. This
denition of a dynamial group is motivated by the spe-
trum generating or dynamial groups as dened by Bohm
[7℄ and referene there-in.
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The dynamial groups of interest have the form of a
semidiret produt Lie group G = K ⊗s A with A is the
losed normal subgroup and K the homogeneous group.
Furthermore, the Lie groups of interest are real matrix
groups that are algebrai. That is, the groups are losed
subgroups of GL(n,R), that are dened by polynomial,
or algebrai, onstraints. Examples of groups of these
type inlude the speial orthogonal, sympleti, unitary,
Eulidean, Poinaré, Heisenberg groups as well as, will be
shown, the quapleti group.
The translation group T (n + 1) ats on an abelian
position-time manifold M ≃ Rn+1 that may be identi-
ed with the physial onept of a at n+ 1 dimensional
position-time spae or spae-time. The usual physial ase
is n = 3.
As noted, the Poinaré group P is the arhetypial
dynamial group. It is the over of the group E(1, n) =
SO(1, n)⊗sT (n+1) ating on a n+1 dimensional position-
time spae. Then, for the usual physial ase n = 3,
P = E(1, 3). The quantum state spae is the Hilbert spae
of the unitary irreduible representations of the Poinaré
group. The Makey representation theory shows that these
Hilbert spaes are
H
̺ = Hσ ⊗L2(A,C)
where A ≃ SO(1, n)/K◦ and K◦ ≃ SO(n), E(n − 1), or
SO(1, n − 1) depending on whether the representations
are timelike, null or spaelike. The Hilbert spae H
σ
is
the orresponding Hilbert spae of the unitary irreduible
representation of the little group K◦. For the timelike ase,
these are nite dimensional and for the physial ase n =
3, it is just the 2j + 1 dimensional representation spaes
of SU(2) with j half integral. Note that the symmetri
spaes A are the timelike, null and spaelike hyperboloids
[5℄
There are two Casimir invariant operators in this ase
with eigenvalue equations for the representations of the
Casimir operators ating on the quantum state spae of
the form (2). The two eigenvalues may be assoiated with
the physial onepts of mass and spin (or heliity) that
are onstants for eah of the irreduible representations.
Solution of these eigenvalue equations for the various irre-
duible representations denes the Klein-Gordon, Dira,
Maxwell and so forth, eld equations [4℄.
3 The quapleti dynamial group
A dynamial group may also at on the a nonabelian phase
spae. The Heisenberg groupH(n) = T (n)⊗sT (n+1) ats
as a nonabelian translation group on a 2n dimensional
position-momentum phase spae. More generally,H(n+1)
ats on the nonabelian 2n+ 2 dimensional position-time-
momentum-energy phase spae.
In this setion we determine the simplest semidiret
produt group that ontains the Poinaré group as a sub-
group and also has the Heisenberg group as a normal sub-
group. We all the group obtained the quapleti group.
We then examine the onsequenes of it ating as a dy-
namial symmetry group by determining its unitary irre-
duible representations and the assoiated Casimir eld
equations.
The question investigated in this paper is the group
G = K ⊗s H(n + 1) that ats as a dynamial group on
the nonabelian phase spae analogous to the ation of
the group E(1, n) = SO(1, n) ⊗s T (n + 1) on the abelian
position-time spae.
3.1 Group properties
Consider a semidiret produt group G = K ⊗s H(n+ 1).
The rst question is to determine the onditions on a sub-
group K that are required in order that this semidiret
produt an be onstruted. As H(n+1) is a normal sub-
group of G, K must be a subgroup of the automorphisms
of H(n + 1). The group produt for the elements of the
Heisenberg group h(w, ι) ∈ H(n+ 1) may be written
h(w˜,ι˜) · h(w, ι) = h(w + w˜, ι+ ι˜+ w˜ · ζ · w)
h−1(w, ι) = g(−w,−ι) (3)
where g(0, 0) is the identity element and w ∈ R2(n+1),
ι ∈ R and w˜ · ζ · w = w˜aζa,bwb with the indies a, b, .. =
0, 1, ...n and i, j, .. = 1, ...n. This index onvention is al-
ways assumed to be the ase unless expliitly noted oth-
erwise. The omponents of the sympleti metri ζ in
these anonial oordinates is the 2(n + 1) × 2(n + 1)
matrix
ζ =
(
0 I
−I 0
)
,
where I is (n + 1) × (n + 1) identity matrix. Therefore,
while the Heisenberg group has no impliit onept of an
orthogonal metri, it does have impliit in its denition a
sympleti struture. The Heisenberg group is a semidiret
produtH(n+1) ≃ T (n+1)⊗sT (n+2) and it is a matrix
group that is algebrai
h(w, ι) ≃

 I 0 ww · ζ 1 ι
0 0 1

 .
The Lie algebra is spanned by the basis {Wµ} with
µ, ν = 0, ...n, 0˜, ...n˜ that satises the Lie algebra relations
[Wµ,Wν ] = ζµ,νI.
If we identify {Wµ} = {T, Pi,−E,Qi} then [Pi, Qj] =
δi,jI and [T,E] = −I. (We are using natural units with
~ = 1. Units are disussed further shortly.)
The ation ςah
.
= a ·h ·a−1 of the Heisenberg group on
itself are the automorphisms
ςh(w˜,ι˜)h(w, ι) = h(w, ι+ 2w · ζ · w˜), (4)
Elements of the omplete group of linear automorphisms
[8℄ of H(n+ 1) have the ation
ςa±(ε˜,A˜,w˜,ι˜)h(w, ι) = h(ε˜A˜w,±ε2(ι+ 2w · ζ · w˜)), (5)
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where a(1, A, 0, 0) ∈ Sp(2n+2), a(ǫ, I, 0, 0) ∈ Ab(1) is the
one parameter, ǫ, abelian group and the disrete symmetry
is a± ∈ D2. Thus, the group of linear automorphisms [8℄
Aut(n+ 1) of H(n+ 1)has the form
Aut(n+ 1) = D2 ⊗ (Ab(1)⊗ Sp(2n+ 2))⊗s H(n+ 1)
= D2 ⊗Ab(1)⊗s HSp(n+ 1)
where HSp(n) .= Sp(2n) ⊗s H(n). A general element of
the ontinuous automorphisms Aut(n+1) may be written
a(ε, A,w, ι) = a(ε, I, 0, 0) · a(1, A, 0, 0) · a(1, I, w, ι)
and a general element a(ε, A,w, ι) is represented by the
matrix group
a(ε, A,w, ι) ≃

A 0 A · wεw · ζ ε ει
0 0 ε−1

 ,
where ε ∈ R\{0} and A ∈ Sp(2n+ 2)dened by A1..A4
real (n+ 1)× (n+ 1) matries satisfying
A =
(
A1 A3
A4 A2
)
, A−1 =
(
tA2 −tA3
−tA4 tA1
)
.
The group omposition law and inverse may be om-
puted diretly from this faithful matrix representation, or
abstratly by using the property Heisenberg group is a
normal subgroup and therefore
a(ε˜, A˜, w˜, ι˜) · a(ε, A,w, ι)
= a(ε˜, A˜) · a(ε, A) · a(ε, A)−1 · h(w˜, ι˜) · a(ε, A) · h(w, ι)
= a(ε˜ε, A˜ · A,w + ε−1A−1 · w˜, ι+ ε−2ι˜+ ε−1w˜ · ζ ·A · w)
(6)
The semidiret produt group G with H(n + 1) as
a normal subgroup must, in general, be a subgroup of
Aut(n + 1). In this initial investigation, we do not on-
sider the eets of Ab(1) nor the disrete automorphisms
further and so onsider G to be a subgroup of HSp(n+1).
Elements g of the HSp(n+1) subgroup are g(A,w, ι) ≃
a(1, A, w, ι).
Consider the partiular automorphism a(1, Υ ◦, 0, 0) ∈
Aut(n + 1), and therefore Υ ◦ ∈ Sp(2n + 2) that is the
partiular element that has the property wˆ = Υ ◦ · w with
wˆ = (−w0˜, w1, ..wn, w0, w1˜...wn˜). Applying the automor-
phism to the full HSp(n+ 1) group puts the omponents
of the sympleti metri into the following form with the
assoiated sympleti inverse ondition
ζˆ =
(
0 η
−η 0
)
, Aˆ−1 =
(
η · tAˆ2 · η −η · tAˆ3 · η
−η · tAˆ4 · η η · tAˆ1 · η
)
. (7)
where η is (n + 1) × (n + 1) diagonal matrix with diag-
onal (−1, 1, ..1) and η−1 = η. Note that the Aˆα are an
intertwined ombination of the omponents of the Aα.
The Lie algebra is[
Wˆµ, Wˆν
]
= ζˆµ,νI, µ, ν = 0, ...n, 0˜, ...n˜
where now we identify {Wˆµ} = {E,Pi, T,Qi}. Then, again,
[Pi, Qj] = δi,jI and [T,E] = −I. That the algebra is
in, fat idential to that of the {Wµ} , emphasizes again
that this group is isomorphi to the original group as re-
quired under the ation of the automorphism a(1, Υ ◦, 0, 0).
Again, it is emphasized thatHSp(n+1) has no onept of
an orthogonal metri and that "HSp(1, n) ≃ HSp(n+1)".
We use this form of the HSp(n + 1) group and drop the
tilde in what follows.
WhileHSp(n+1) has no onept of an orthogonal met-
ri, the Poinaré group ating on the position-time and the
Poinaré group ating on energy-momentum spaes have
Casimir invariant operators that dene pseudo-orthogonal
metri strutures
−T 2 + 1
c2
Q2, P2 − 1
c2
E2.
Born [1℄,[2℄ based on a reiproity priniple, argued
that these metris ombine into a single metri on 2(n+1)
dimensional phase spae
−T 2 + 1
c2
Q2 +
1
b2
(
P2 − 1
c2
E2
)
. (8)
b is a new universal dimensional physial onstant with
units of fore that we shall disuss shortly. The group
with both an orthogonal and sympleti struture is the
unitary group U(1, n) ≃ O(2, 2n)∩Sp(2n+2). This group
leaves invariant the sympleti struture as well as the
orthogonal metri.
As U(1, n) is a subgroup of Sp(2n+2) we may dene
a semidiret produt group Q(1, n) that has a dimension
N = (n+ 2)2, that we name the quapleti group, by
Q(1, n) = U(1, n)⊗s H(n+ 1)
= SU(1, n)⊗s Os(n+ 1) (9)
where Os(n) = U(1)⊗sH(n). The orthogonal ondition of
O(2, 2n) implies that, in addition to the sympleti inverse
ondition, (3.7), the A must also satisfy the ondition
A−1 =
(
η · tA1 · η η · tA4 · η
η · tA3 · η η · tA2 · η
)
from whih it follows that A1 = A2 = Λ and A3 = −A4 =
M and imposes the onditions that Λ−1 = η · tΛ · η and
M−1 = −η · tM · η and so the element of a faithful matrix
representation of H(n+ 1) has the form
g(Λ,M, x, y, ι) ≃


Λ M 0 Λ · x+M · y
−M Λ 0 −M · x+ Λ · y
−y x 1 ι
0 0 0 1


where w = (x, y) and x, y ∈ Rn+1. The group multiplia-
tion law for Q(1, n) may be written in a omplex notation
by dening z = x+ iy, z ∈ Cn+1 and Υ = Λ+ iM . Then
g(Υ˜ , z˜, ι˜) · g(Υ, z, ι)
= g(Υ˜ · Υ, z˜ + Υ · z, ι+ ι˜+ i2
(
z · η · z˜ − z˜ · η · z)),
g−1(Υ, z, ι) = g(Υ−1,−Υ−1 · z,−ι).
(10)
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An element g ∈ Q(1, n) may be realized by the (n+ 1)×
(n+ 1) omplex matries
g(Υ, z, ι) ≃

Υ 0 Υ · zz 1 ι
0 0 1

 .
The inner automorphisms of the group are
ςg(Υ˜ ,z˜,ι˜)g(Υ, z, ι) ≃ g(Υ˜ ·Υ ·Υ˜−1, z˜+Υ˜ ·z, ι+ι+i(z˜·η·z˜−z·η·z˜)).
If M = 0, we obtain the SO(1, n) ⊗s H(n + 1) subgroup
with elements of the form g(Λ, z, ι).
3.2 Lie algebra and Casimir invariant operators
A general element of the Canonial algebra is Z +A with
Z and element of the algebra of U(1, n) and A an element
of the Heisenberg algebra of H(n+ 1),
Z = φa,bMa,b + ϕ
a,bLa,b,
A = ιI + xaXa + y
aYa.
with the parameters all real. These generators satisfy
[La,b, Lc,d] = −Lb,dηa,c + Lb,cηa,d + La,dηb,c − La,cηb,d
[La,b,Mc,d] = −Mb,dηa,c −Mb,cηa,d +Ma,dηb,c +Ma,cηb,d
[Ma,b,Mc,d] = −Lb,dηa,c − Lb,cηa,d − La,dηb,c − La,cηb,d
[La,b, Xc] = −Xbηa,c +Xaηb,c
[La,b, Yc] = −Ybηa,c + Yaηb,c
[Ma,b, Xc] = −Ybηa,c − Yaηb,c
[Ma,b, Yc] = Xbηa,c +Xaηb,c
[Xa, Yb] = Iηa,b
(11)
Clearly both the generators {La,b, Xc} and {La,b, Yc} de-
ne the algebras of Poinaré subgroups. The seond order
Casimir invariant operator is
C2 =
1
2
ηa,b(XaXb + YaYb) +
1
2
(n+ 1) I − IU.
As I = C1 is a Casimir operator, and any linear om-
binations of Casimir operators is also one, this term may
be dropped. The algebra of Q(1, n) = U(1, n)⊗H(n+1)
may also be written in a omplex form by dening
A±a =
1√
2
(Xa ∓ iYa) , Za,b = 1
2
(Ma,b − iLa,b) .
It follows diretly that the Lie algebra relations take the
more ondensed form
[Za,b, Zc,d] = i(Zc,bηa,d − Za,dηb,c),[
A+a , A
−
b
]
= iηa,bI , [Za,b, A±c ] = ∓iηa,cA±b (12)
where as usual, the indies a, b = 0, 1, ...n. {Za,b} span
the algebra of U(1, n) and {A±c , I} span the algebra ofH(1, n).
The ompat ase of Q(n) = U(n) ⊗ H(n) is immedi-
ately obtained by restriting the indies a, b to i, j = 1, ..n.
The generators {Zi,j, A±k , I} span the algebra of the
subgroup Q(n) ofQ(1, n), where we note that ηi,j = δi,j .
Dene U
.
= ηa,bZa,b. This is the U(1) generator in
the deomposition Q(1, n) = SU(1, n) ⊗s Os(1, n) with
Os(1, n) = U(1)⊗sH(1, n). The orresponding generators
of the algebra of SU(1, n) are {Zˆa,b}
Za,b = Zˆa,b +
1
n+ 1
Uηa,b (13)
Note that ηa,bZˆa,b = 0 and that the Za,b and Zˆa,b om-
mute with U and the Zˆa,b satisfy the same ommutation
relations as dened above in (12).
For Q(1, n), Nc = n+2 and the n+2 Casimir invariant
operators are [9℄
C1 = I, C2 = η
a1,a2Wa1,a2 , ...
C2β = η
a1,a2β ...ηa2β−2,a2β−1Wa1,a2 ...Wa2β−1,a2β ,
(14)
with β = 1, .n+1 and Wa,b
.
= A+a A
−
b − IZa,b. Note that
the seond order invariant is of the form
C2 = η
a,bA+a A
−
b − IU = A2 − IU, (15)
where U is the generator of the algebra of U(1) dened
above. The ommutation relations for the Wa,b are
[Za,b,Wc,d] = i(ηa,dWb,c − ηb,cWd,a)
[A±c ,Wa,b] = 0
(16)
and thereforeWc,d are Heisenberg translation invariant. It
is important to note that both of the terms in Wa,b are
required in order for the ommutator to vanish with A±c .
The Wc,d ommutators with Za,b are the same as Zc,d.
The Casimir invariants of U(1, n) are [10℄
Dβ = η
a1,a2β ...ηa2β−2,a2β−1Za1,a2 ...Za2β−1,a2β , (17)
where β = 1, ..., n+1. Therefore, (3.14) are invariant uni-
tary U(1, n) rotations and, as the Wa,b have already been
established to be Heisenberg translational invariant, it fol-
lows that they are Casimir invariants of Q(1, n). Note
also that it follows immediately that
[Dβ, Dα] = 0, [Dβ , I] = 0,[Dβ , C2α] = 0, (18)
with α, β = 1, ...n+1. As an aside that will be useful, we
note also that Os(n) = U(1)⊗s H(n) is rank 2 for all n.
The two Casimir invariants C˜1 and C˜2 are
C˜1 = C1 = I, C˜2 = C2 = A
2 − IU. (19)
3.3 Physial interpretation of the quapleti group
The Poinaré group is a dynamial symmetry of Minkowski
spae M1,n = E(1, n)/SO(1, n). The generators {Ya} =
{E,Pi} of the translation group on position-time spae are
identied with energy and momentum. In the quantum
theory, the unitary representations of the Poinaré group
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are required and the orresponding Hermitian representa-
tion of these generators dene the observable energy and
momentum degrees of freedom.
The quapleti group ats on the nonabelian phase
spae Q1,n = Q(1, n)/SU(1, n). Again the generators
{Ya} are the energy and momentum but the Heisenberg
algebra also inludes the {Xa} = {T,Qi} that are the
time and position degrees of freedom. Again, in the quan-
tum theory, the Hermitian representations of these gener-
ators denes these observable degrees of freedom.
Marosopi physis assigns dierent dimensions to the
time, energy, position and momentum degrees of freedom
that are usually dened in terms of the onstants c, ~ and
G. Instead of G, we hoose to use the onstant b intro-
dued in Setion (8) that has units of fore and G may be
dened in terms of it as G = αGc
4/b where αG is just the
dimensionless gravitational oupling onstant to be deter-
mined by theory or experiment. Plank sales λα of time,
position, momentum and energy may be dened in terms
of these three onstants as
λt =
√
~/bc, λq =
√
~c/b, λp =
√
~b/c, λe =
√
~bc
If αG = 1, these are just the usual Plank sales. The
Lorentz subgroup of the Poinaré group transforms po-
sition and time degrees of freedom into eah other. This
mixing is real in the sense that observers in a frame mea-
sure position and measure time of the position-time spae
dierently with the usual time dilation and length on-
tration eets when measurements are ompared between
frames. The onstant c is required to onvert units of time
into position and vie versa. This is no dierent that if we
measured the x diretion in meters and the y diretion in
feet so that every time a rotation was applied, a onstant
onverting meters into feet and vie versa is required. Sim-
ply by hoosing the right units, this onstant is eliminated
and so it is also with c, in natural units c = 1.
The quapleti group transforms all of the degrees of
freedom, position, time, energy and momentum into eah
other. A speial ase of this is the usual Lorentz trans-
formations of speial (veloity) relativity ating on the
momentum-energy and position-time subspaes. The full
set of transformations ause a mixing of all the degrees
of freedom that are as real as the Lorentz veloity subset.
This mixing is real in the sense that observers in a frame
measure position, time, energy andmomentum of the non-
abelian position-time-energy-momentum spae dierently
with generalizations of the usual time dilation and length
ontration eets when measurements are ompared be-
tween frames. Position-time and momentum-energy are
not invariant subspaes under the ation of the group.
The onstants b, c and ~ are required to desribe the on-
version of units required in the mixing rather than just c
as in the Poinaré ase. Again, by hoosing natural units
with c = b = ~ = 1, these onstants are eliminated. We
generally use natural units unless speially noted.
This is made onsiderably more subtle than the Poinaré
ase by the fat that the underlying manifold is now non-
abelian. The measurements, in fat, require the quantum
theory involving the Hermitian representation of the al-
gebra. A frame is now a partile state whih is identied
with a state in a unitary irreduible representation of the
quapleti group. This representation theory is disussed
in the setion that follows.
The transformation of the Heisenberg generators be-
tween frames is mathematially the group automorphisms
of the algebra. That is, for A ∈ a(H(1, n)) and Υ ∈
U(1, n) with Υ = eZ , the transformed generators A˜ are
ς ′Υ : A 7→ A˜ = Υ ·A·Υ−1 = eZ ·A·e−Z = A+[Z,A] + (20)
With n = 3, dene Ji = ǫ
j,k
k Lj,k, Ki = L0,i, Ni = M0,i
and R = M0,0 where {La,b,Ma,b} are the generators of
U(1, n) dened in (11). A general element of the quaple-
ti algebra is Z +A where
Z = βiKi + γ
iNi + α
iJi + θ
i,jMi,j + ϑR,
A = t
λt
T + e
λe
E + q
i
λq
Qi +
pi
λp
Pi + ιI.
(21)
In this disussion, the Heisenberg algebra degrees of
freedom take on dimensional sales orresponding to the
dierent units of measurement for time, energy, position,
and momentum. The innitesimal transformations A˜ =
A+ [Z,A] for the basis are
T˜ = T + βiQi/c+ γ
iPi/b+ ϑE/cb,
E˜ = E − cγiQi + bβiPi − bcϑT,
Q˜i = Qi + ǫ
k
i,jα
jQk + cβ
iT − γiE/b+ cθi,jPj/b,
P˜i = Pi + ǫ
k
i,jα
jQk + β
iE/c+ bγiT − bθi,jQj/c.
(22)
And, with αi = θi,j = ϑ = 0, the pure boost nite trans-
formations are
T˜ = coshωT + sinhω
ω
(
βi
c
Qi +
γi
b
Pi
)
,
E˜ = coshωE + sinhω
ω
(−bγiQi + cβiPi) ,
Q˜i = Qi +
coshω−1
ω2
ωi,jQj +
sinhω
ω
(
cβiT − γi
b
Ei
)
,
P˜i = Pi +
coshω−1
ω2
ωi,jPj +
sinhω
ω
(
bγiT + β
i
c
E
) (23)
where ωi,j = βiβj + γiγj and ω =
√
δi,jωi,j . Note
immediately that if γi = 0 these are the equations for
the usual pure Lorentz veloity boost from basi speial
relativity for inertial (non-interating) frames
T˜ = coshβT + sinh β
β
βi
c
Qi,
Q˜i = Qi +
cosh β−1
β2
βiβjQj +
sinh β
β
cβiT,
E˜ = coshβE + sinh β
β
cβiPi,
P˜i = Pi +
cosh β−1
β2
βiβjPj +
sinh β
β
βi
c
E.
(24)
Conversely if βi = 0, these equations redue to
T˜ = cosh γT + sinh γ
γ
γi
b
Pi,
P˜i = Pi +
cosh γ−1
γ2
γiγjPj +
sinh γ
γ
bγiT,
E˜ = cosh γE + sinh γ
γ
bγiQi,
Q˜i = Qi +
cosh γ−1
γ2
γiγjQj − sinh γγ γ
i
b
E.
(25)
and onsequently for this speial ase, we have a onju-
gate set of pure Lorentz boost transformations desrib-
ing boosts between frames with relative rate of hange
S. G. Low: Poinaré and Heisenberg quantum dynamial symmetry: The quapleti group 7
of momentum, that is fore, but with negligible veloity.
Clearly this an asymptoti ase but it must also be em-
phasized that a purely, non interating partile, is also an
asymptoti ase, partiularly in the Plank regime where
these eets will be manifest. This limit illustrates the
bounding of fore that is related to proposed aeleration
bounding theories [11℄,[12℄,[13℄ or minimum length [14℄.
These asymptoti ases are just intended to highlight the
properties of the general equations (22).
The quapleti group has two dierent SO(1, n) ⊗s
H(1, n) subgroups generated by the sets of generators
{Ji,Ki, E, Pi, T,Qi, I} , {Ji, Ni, E, Pi, T,Qi, I}
These are the innitessimal generators that, using by (20),
may be exponentiated to the nite transformation equa-
tions (24) and (25) respetively. (Note in the nite equa-
tions given, the rotation parameters αi assoiated with
the generators Ji are zero. Eah of these in turn has two
distint Poinaré subgroups for the total of four distint
Poinaré subgroups of the quapleti group generated by
the sets of generators
{Ji,Ki, E, Pi} , {Ji,Ki, T,Qi}
{Ji, Ni, E,Qi} , {Ji, Ni, T, Pi}
The Hermitian representation of the translation genera-
tors of only one of the translation subgroups of these four
Poinaré groups an be diagonalized at a time. This may
be denoted by a simple quad, where the representations
of the generators on only one fae may be simultaneously
diagonalized.
̺′(T ) ↔ ̺′(Qi)
l l
̺′(Pi)↔ ̺′(E)
Under the speial ase of pure veloity boosts, this non-
abelian spae breaks into invariant abelian time-position
and momentum-position subspaes on whih the transfor-
mations (24) at. Likewise, in the speial ase of pure fore
boosts, this nonabelian spae breaks into invariant abelian
time-momentum and position-energy subspaes on whih
the transformations (25) at.
It is important to emphasized that in general, all de-
grees of freedom of this non abelian spae mix as one
transforms from one frame to another. The physial the-
ory quantum theory that arises from the unitary represen-
tations of the quapleti group has states for interating
partiles, not just the asymptoti free partile states. The
unitary representations of the quapleti group transform
one state into one another and, in so doing, all of the de-
grees of freedom, time, position, energy and momentum
mix.
This leads to a a note about the name quapleti of
the group. The literal meaning of the English word qua
is similar to the preposition as, ' in the role or harater
of' and -pleti has origins in pleat 'to fold on itself'.
So the literal meaning of quapleti is 'in the harater
of folding on itself'. Quapleti is also derived from the
origins of the group in the sym-pleti group with the qua-
ntum Heisenberg 'translation' subgroup and qua-d (as
in quad Poinaré subgroups and the nonabelian quad)
onnotations.
4 Unitary representations of the quapleti
group
This setion reviews the Makey theory for unitary irre-
duible representations of the semidiret produt group
and applies it to the quapleti group and algebra. The
Heisenberg group is a normal subgroup of the quapleti
group. As the representations of the normal group are
required by the Makey theory, the representations of the
Heisenberg group are briey reviewed. As it is, in turn
a semidiret produt group, the Makey theory is again
appliable.
4.1 Unitary irreduible representations of semidiret
produt groups
The problem of determining the unitary irreduible repre-
sentations of a general lass of semidiret produt groups
has been solved by Makey [3℄. A suient ondition for
the Makey representation theory to apply is that the
groups are matrix groups that are algebrai. The Makey
theorems are reviewed in [5℄ and briey summarized here.
In addition, the manner in whih the results lift to the al-
gebra is given as they are required for the determination
of the eld equations.
Suppose that A and N are matrix groups that are
algebrai with unitary irreduible representations ξ and
σ on the respetive Hilbert spaes Hξ and Hσ. Then for
a ∈ A, and k ∈ K
ξ(a) : Hξ → Hξ : |φ〉 7→
∣∣∣φ˜〉 = ξ(a) |φ〉 ,
σ(k) : Hσ → Hσ : |ϕ〉 7→ |ϕ˜〉 = σ(k) |ϕ〉 .
The general problem is to determine the unitary irre-
duible representations ̺, and the Hilbert spae H̺ on
whih it ats, of the semidiret produt G = K ⊗s A,
̺(g) : H̺ → H̺ : |ψ〉 7→ |ψ˜〉 = ̺(g)|ψ〉.
The Makey theorems state that these unitary irre-
duible representations ̺ may be onstruted by rst de-
termining the representations ̺◦ of the stabilizer groups,
G◦ ⊆ G and then using an indution theorem to obtain the
representations on the full group G. A suient ondition
for the Makey group to apply is that G,K and A are ma-
trix groups that are algebrai in the sense that they are
dened by polynomial onstraints on the general linear
groups.
The stabilizer group G◦ = K◦⊗sA where K◦ is dened
for eah of the orbits. These orbits are dened by the
natural ation of elements k ∈ K on the unitary dual Aˆ of
A. The ation dening the orbits is k : Aˆ → Aˆ : ξ 7→ ξ˜ =
kξ where (kξ)(a) = ξ(k · a · k−1) for all a ∈ A. The little
groups K◦ are dened by a ertain xed point ondition
on eah these orbits.
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If A is abelian, the xed point ondition is kξ = ξ and
the representation ̺◦ = σ◦ ⊗ χ ats on the Hilbert spae
H
̺◦ ≃ Hσ ⊗ C. We note that, if A is abelian, A ≃ Rn
under addition and the representations are the haraters
ξc(a) = χc(a) = e
ia·c
and therefore H
ξ ≃ C.
If A is not abelian, the xed point ondition is kξ =
1
s
ρ(k)ξρ(k)−1 and the representation ̺◦ = σ◦ ⊗ ρ ats on
the Hilbert spae H
̺◦ ≃ Hσ◦ ⊗ Hξ. ρ is a projetive
extension of the representation ξ to G◦, ρ(g) : Hξ → Hξ
for g ∈ G◦ with ρ|A ≃ ξ. If A is abelian, the extension is
trivial, ρ|K ≃ 1 and this redues to the abelian ase above.
These representations may be lifted to the algebra. De-
ne Teξ = ξ
′
, Teσ
◦ = σ◦′ and Te̺◦ = ̺◦′. Then for
A ∈ a(A) ≃ TeA, Z ∈ a(K◦) and W = A+ Z ∈ a(G◦) we
have
̺◦′(W ) : H̺
◦ → H̺◦
= σ◦′(Z)⊕ ρ′(W ) : Hσ◦ ⊗Hξ → Hσ◦ ⊗Hξ
: |ψ〉 7→
∣∣∣ψ˜〉 = σ◦′(Z) |ϕ〉 ⊗ |φ〉 ⊕ |ϕ〉 ⊗ ρ′(W ) |φ〉 . (26)
The basis of the algebra satises the Lie algebra
[Aµ, Aν ] = c
λ
µ,νAλ,
[Zα, Zβ] = c
γ
α,βZγ ,
[Aµ, Zα] = c
ν
µ,αAν .
(27)
where α, β.. = 1... dim(K) and µ, ν.. = 1, .. dim(A). Then,
the Hermitian projetive extension representation ρ of the
generators satises the ommutation relations
[ρ′(Aµ), ρ′(Aν)] = icλµ,νρ
′(Aλ),
[ρ′(Zα), ρ′(Zβ)] = i 1sc
γ
α,βρ
′(Zγ),
[ρ′(Aµ), ρ′(Zα)] = i 1sc
ν
µ,αρ
′(Aν).
(28)
As the ρ′(Zα) at on the Hilbert spae Hξ, they must
be elements of the enveloping algebra a(A) ≃ a(A) ⊕
a(A) ⊗ a(A)⊕ ... . and therefore
̺′ (Zα) = dµαξ
′ (Aµ) + dµ,να ξ
′ (Aµ) ξ′ (Aν) + .... (29)
These may be substituted into the ommutation relations
above to determine the onstants {dµα, dµ,να , ...}.
We have now haraterized the representations ̺◦ at-
ing on H
̺◦
and it remains to use the Makey indution
theorem to obtain the representations on the full group G.
Clearly, if G◦ ≃ G, this implies that ̺ = ̺◦ and H̺◦ = H̺
and the indution is trivial and the representation ̺ of G
is determined.
However, if G◦ is a proper losed subgroup of G, then
the Makey indution theorem states that the representa-
tions at on the Hilbert spae H
̺ ≃ Hσ◦ ⊗ L2(A,Hξ, µ)
with A ≃ K/K◦ where for |φ〉 ∈ L2(A,Hξ, µ), then
φ : A → Hξ : a 7→ |φa〉 = 〈a|φ〉. Also, if A is abelian,
H
ξ ≃ C and this redues to φ ∈ L2(A,C, µ) with φ : A→
C : a 7→ φ(a).
Thus if |ψ˜〉 = ̺(g)|ψ〉 for g ∈ G and |ψ〉, |ψ˜〉 ∈ H̺,
then |ψ˜a˜〉 = 〈a˜|ψ˜〉 = 〈a˜|̺(g)|ψ〉 where |ψ˜a˜〉 ∈ H̺
◦
. The
indution theorem then states that∣∣∣ψ˜a˜〉 = ̺◦(Θ(a˜)−1gΘ(a)) |ψa〉with a˜ = ga.
where Θ is the natural setion Θ : A→ G : a 7→ g = Θ(a).
Note that for g◦ ∈ G◦, g◦a = a = a˜ and as Θ(a) ∈ G◦,
this redues to just an inner automorphism of G◦ that de-
nes the equivalene lasses of ρ◦ and this redues to the
expeted |ψ˜a〉 = ̺◦(g◦)|ψa〉. Putting it together, we have
the indued representation theorem where the representa-
tions ̺◦ of G◦ onH̺◦ are indued onto the representations
̺ of G on H̺ by
〈a| ̺(g) |ψ〉 =
∣∣∣ψ˜a〉 = ̺◦(Θ(a)−1 · g · Θ(g−1a)) ∣∣ψg−1a〉 .
Again, in the abelian ase, |ψg−1a〉 ∈ Hξ ≃ C in whih
ase this is written simply as ψ(g−1a)
4.2 Makey representations of the Heisenberg group
The Heisenberg group H(n + 1) ≃ T (n + 1) ⊗s T (n + 2)
is the normal subgroup of the quapleti group and we
therefore review the Makey representation theory [5℄,[15℄
of the Heisenberg group briey as it is required for the
representations of the quapleti group.
A ≃ T (n+ 2) is the normal subgroup with an algebra
spanned by {I, Ya} and K ≃ T (n+1) is the homogeneous
group with an algebra spanned by {Xa}. We use χ for
the notation for the representation of the normal group
A in this setion whih, for the translation group, are just
the haraters
χc,u(h(0, y, ι)) |z〉 = ei(ιχ
′(I)+yaχ′(Ya)) |z〉
= ei(ιc+y·u) |z〉 , (30)
where χ′(I)|z〉 = c|z〉 and χ′(Ya)|z〉 = ua|z〉. c ∈ R, u ∈
Rn+1 are the Casimir eigenvalues of the translation group
and |z〉 ∈ Hχ ≃ C. The ation on the dual Aˆ dening the
orbits is
(h(x, 0, 0)χc,u) (h(0, y, ι))
= χu,c
(
h(x, 0, 0) · h(0, x, ι) · h(x, 0, 0)−1)
= χu+cy,c (h(0, y, ι)) ,
for all h(0, y, ι) ∈ T (n + 1). Therefore, the xed point
ondition is χu,c = χu+cy,c. One solution is c = 0 in
whih ase the representation χ′(I)|z〉 = 0 and hene the
representation is a degenerative ase equivalent to the rep-
resentations of T (2n) that are not onsidered further. For
c 6= 0, the xed point is satised only if u = 0 and so the
little group is trivial, K◦ ≃ e. Consequently, ̺◦ = χ. The
homogeneous spae is A ≃ K/K◦ ≃ T (n + 1)/e ≃ Rn+1.
The Hilbert spae is therefore
H
̺ ≃ L2(A,Hξ, µ) ≃ L2(Rn+1,C, µ) (31)
as expeted. I is the only Casimir invariant operator and
its eigenvalues label the representations. Points ax ∈ A
are labeled by h(x, 0, 0) ∈ K with Θ(ax) = h(x, 0, 0).
h(x, y, ι)ax˜ = ax˜+x and therefore the Makey indution
theorem yields
ψ˜(ay) = 〈ax| ̺(h(x˜, y˜, ι)) |ψ〉
= ̺◦(h(0, y˜, ι− y˜ · x))ψ(ax−x˜).
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where a alulation showing that
h(0, y˜, ι− y˜ · x) = h(x˜, y˜, ι) ·Θ(h(x˜, y˜, ι)−1ax)
and ax−x˜ = h(x˜, y˜, ι)−1ax has been used. Using the bi-
jetion ax ↔ x and the denition of ̺◦ = χ in (30) with
u = 0 this gives
ψ˜(x) = ei(ι−y˜·x)cψ(x− x˜) = eiιce−icy˜·xei x˜·i ∂∂xψ(x). (32)
It follows that the representation of the algebra is
〈x| ̺′(I) |ψ〉 = c |ψ〉 ,
〈x| ̺′(Xa) |ψ〉 = c xa |ψ〉 ,
〈x| ̺′(Ya) |ψ〉 = i ∂∂x |ψ〉 .
(33)
Thus, it is lear that the usual basi representations of
quantum mehanial position and momentum Hermitian
operators and their assoiated Hilbert spae are diretly
omputed using the Makey representation theory of the
Heisenberg group.
4.3 Makey representations of the quapleti group
The normal subgroup of the quapleti group is the Heisen-
berg group and so the Makey ase for nonabelian normal
subgroups applies. As the Heisenberg is now the normal
subgroup, we denote the representations ̺ from the previ-
ous setion given in (32) in this setion by ξ. These repre-
sentations ξc of H(n+ 1) are labeled by the eigenvalues c
of the Casimir invariant operator I. The ase c = 0 or-
responds to the degenerate abelian ase, that we do not
onsider further here.
The general nonabelian ase orresponds to c ∈ R\{0}.
This requires the denition of a projetive extension ρ
of ξ with the property that ρ|H(n+1) = ξ. The ation
of Υ ∈ U(1, n) on the representations ξ of the normal
subgroup is
(Υξc) (g(0, z, ι)) = (Υρ) (g(0, z, ι))
= ρ(g(Υ, 0, 0) · g(0, z, ι) · g(Υ, 0, 0)−1)
= ρ(Υ ) · ξc(g(0, z, ι)) · ρ(Υ−1)
for all g(0, z, ι) ∈ H(n+1). Consequently, the xed point
ondition for the nonabelian ase
Υ · ξc = ρ(Υ ) · ξc · ρ(Υ )−1
is identially satised for all Υ ∈ U(1, n). Consequently,
the little group is K◦ ≃ U(1, n) ≃ K [16℄.
An immediate onsequene of this is that the Makey
indution is trivial and the Hilbert spae of the repre-
sentations is given simply by the diret produt of the
Hilbert spae of the representations of the little group and
the Hilbert spae of the representations of the Heisenberg
group, H
̺ = Hσ ⊗ Hξ. As the Hilbert spae Hξ of the
representations ξ of H(1, n) have been determined in (31),
this is
H
̺ = Hσ ⊗ L2(Rn+1,C, µ).
H
σ
is generally a ountably innite vetor spae as
the unitary irreduible representations of U(1, n) are gen-
erally innite dimensional. This is remarkably dierent
from the Poinaré ase where the Hilbert spae was over
the n dimensional null and time-like hyperboloid surfaes
in Rn+1. The omplete set of irreduible representations
in that ase is required to foliate Rn+1 Here a single
representation overs the entire spae Rn+1 and so the
partile states are not onstrained by the representation
to a hypersurfae.
The representations ̺ are the diret produt of σ and
ρ given by
̺(g(Υ, z, ι)) : H̺ → H̺ : |ψ〉 ≃ |ϕ〉 ⊗ |φ〉 7→
∣∣∣ψ˜〉
= ̺(g(Υ, z, ι)) |ψ 〉 ≃ σ(g(Υ, 0, 0)) |ϕ 〉 ⊗ ρ(g(Υ, z, ι)) |φ 〉 .
where, as above, |ψ〉 ∈ H̺, |ϕ〉 ∈ Hσ, |φ〉 ∈ Hξ ≃
L
2(Rn+1,C, µ).
The full representations ̺ may be lifted to the algebra
̺′ to at on a basis {A±b , Za,b} of a(Q(1, n)). Using (12)
and noting that as the representation is Hermitian, the
appropriate fators of i must be inserted,[
̺′(A+a ), ̺
′(A−b )
]
= ηa,b̺
′(I ),
[̺′(Za,b), ̺′(A±c )] = ∓ηa,c̺′(A±b ),
[̺′(Za,b), ̺′(Zc,d)] = ̺′(Zc,b)ηa,d − ̺′(Za,d)ηb,c.
(34)
The representations ρ may also be lifted to the algebra
ρ′ to at on a basis Za,b of a(U(1, n)). Using (28), the
representations of the algebra are[
ξ′(A−a ), ξ
′(A+b )
]
= ηa,bξ
′(I),
[ρ′(Za,b), ξ′(A±c )] = ± 1sηa,cξ′(A±b ),
[ρ′(Za,b), ρ′(Za,b)] = 1s (ηb,cρ
′(Za,d)− ηa,dρ′(Zc,b)) .
These elements must be in the enveloping algebra e(U(1, n))
and therefore may be expressed, using (29), as
ρ′(Za,b) = da±ξ
′(A±a ) + d
a,b
±,±ξ
′(A±a )ξ
′(A±b ) + ...
Substituting into the above ommutation relations gives
ρ′(Za,b) =
1
s
ξ′(A+a )ξ
′(A−b ). (35)
The representation of the algebra is given by
̺′(I) |ψ〉 = |ϕ〉 ⊗ ξ′(I) |φ〉 ,
̺′(A±a ) |ψ〉 = |ϕ〉 ⊗ ξ′(A±a ) |φ〉 ,
̺′(Za,b) |ψ〉 = σ′(Za,b) |ϕ〉 ⊗ |φ〉 ⊕ |ϕ〉 ⊗ ρ′(Za,b) |φ〉
where ρ′(Za,b) is dened in (36). The matrix elements of
ξ′(A±a ) and ρ
′(Za,b) with respet to a basis |x〉 are given
by
〈x| ξ′(A±a ) |ψ〉 = 1√2
(
x± ∂
∂xa
)
,
〈x| ρ′(Za,b) |ψ〉 = 12 (xa + ∂∂xa )(xa − ∂∂xa ).
(36)
The matrix elements for the σ′(Za,b) are ountably innite
matries that will be dened further shortly,
(Σa,b)M˜,M =
〈
M˜
∣∣∣σ′(Za,b) |M〉
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where M˜,M take values in a ountably innite set. Then,
the expression for the unitary irreduible representations
of the group may be written expliitly as〈
M˜, x
∣∣∣ ̺(g(Υ (ζ), z, ι)) |ψ〉 =
eiζ
a,b(Σa,b)M˜,M ⊗ ei(ιI+ 1√2 za±(xa± ∂∂xa ))×
ei
1
2
ζa,b(xa+ ∂∂xa )(x
b− ∂
∂xb
)ψM (x)
with za+ = z
a
and za− = z
a
. This ompletes the hara-
terization of the unitary irreduible representations of the
quapleti group and algebra given by the Makey theory.
We now haraterize the representations of the algebra
and the Hilbert spaes on whih they at in further detail.
Following this, the form of the general eld equations for
the quapleti group are given and spei ases studied.
4.4 The representations ρ′ of the algebra of Q(1, n).
The representations ρ′ of the algebra of the full group
Q(1, n) at on the Hilbert spae Hξ ≃ L2(Rn+1,C) of the
representations ξ of the normal subgroup H(1, n). The
representations ρ′ are the extension to the full set of gen-
erators {Za,b, A±a , I}, a, b, ... = 0, 1, ...n of Q(1, n) where
ρ′(A±a ) = ξ
′(A±a ) and ρ
′(I) = ξ′(I) and ρ′(Za,b) is given
by equation (35).
A oherent basis for the Hilbert spae H
ξ
may be de-
ned by the omplete set of orthonormal states |ηk0,k1,...kn〉
[17℄
〈xa|ηka〉 = ηka(xa) =
1√
π2kaka!
e−
1
2
(xa)
2
Hka(xa), (37)
with ka ∈ Z+, xa ∈ R and |ηK〉 = |ηk0,k1,...kn〉 with
K = (k0, k1, ....kn).
Dening Ia now to be an n + 1 tuple of 0's with a 1 at
the ath position, Ia = (0, 0, , , 1, ...0) , the ation of the
representation on the basis is
ξ′(A−0 ) |ηK〉 =
√
k0 + 1 |ηK+I0〉 ,
ξ′(A+0 ) |ηK〉 =
√
k0 |ηK−I0〉 ,
ξ′(A+i ) |ηK〉 =
√
ki + 1 |ηK+Ii〉 ,
ξ′(A−i ) |ηK〉 =
√
ki |ηK−Ii〉 ,
(38)
where as always i, j = 1, 2, ..n. It follows diretly that
ρ′(Zi,0) |ηK〉 = 1s
√
(k0 + 1) (ki + 1) |ηK+Ii+I0〉 ,
ρ′(Z0,i) |ηK〉 = 1s
√
kik0 |ηK−Ii−I0〉 ,
ρ′(Zj,i) |ηK〉 = 1s
√
(kj + 1) ki
∣∣ηK−Ii+Ij〉 , i 6= j,
ρ′(Za,a) |ηK〉 = 1ska |ηK〉 .
(39)
The little group may be fatored as U(1, n) = U(1) ⊗
SU(1, n). Note that the generator U of the algebra of U(1)
is dened by U = ηa,bZa,b and so the representation is
ρ′(U) |ηK〉 = (−k0 + k1 + k2 + ...kn) |ηK〉 = k |ηK〉 (40)
with k = −k0+
n∑
i=1
ki where again ka ∈ Z ≥ 0. The Hilbert
spae H
ξ
may be written as a diret sum H
ξ =
∞⊕
k=1
H
ξ
k of
subspaesH
ξ
k that are invariant under the ρ
′
representations
of the generators Za,b of a(U(1, n))
ρ′(Za,b) : H
ξ
k → Hξk : |η˜K〉 7→ ρ′(Za,b) |ηK〉 . (41)
The representations of the generators ρ′(A±a ) of a(H(1, n))
ause transitions between H
ξ
k subspaes with dierent k.
ρ′(A±i ) : H
ξ
k → Hξk±1, ρ′(A±0 ) : Hξk → Hξk∓1
As U(1, n) is not ompat, eah Hξk is ountably in-
nite dimensional due to the indenite signature. Dene
l =
n∑
i=1
ki, and the l label the nite dimensional U(n) in-
variant subspaes H
ξ
l ≃ Vl. Thus, the Hξk may, in turn,
be written as an innite diret sum of the nite dimen-
sional Hilbert spaes H
ξ
k =
∞⊕
l=k
V
l
.
4.5 The representations σ′ of the algebra of U(1, n).
The next task is to give the expliit form of the represen-
tations σ′(Za,b) of the algebra of U(1, n). This problem
has been solved both for the representation of the alge-
bra and also for the group in [18℄,[19℄,[20℄. These results
are briey summarized in the notation of this paper as
follows.
A onvenient basis of H
σ
is the Gel'fand [21℄ basis |M〉
that is derived from the subgroup hain U(1, n) ⊃ U(n) ⊃
U(n−1) ⊃ ... ⊃ U(1). This basis may be written expliitly
as
|M〉 = |
m1,n+1 m2,n+1 ... mn,n+1 mn+1,n+1
m1,n ... mn,n
...
m1,1
〉
where the mi,j satisfy the inequalities
mi,j ≥ mi+1,j , mi,j ≥ mi,j−1 ≥ mi+1,j .
If you put the above inequalities into the triangular form
above, a simple pattern emerges. The integers mi,n+1 la-
bel the irreduible representations and the eigenvalues in
this basis of the Casimir operators of U(1, n) are given
in terms of these quantities as is desribed shortly. The
remainder of the mi,j label states within the irreduible
representation.
The full set of matrix elements of the representation
(Σa,b)M˜,M =
〈
M˜
∣∣∣σ′(Za,b) |M〉 (42)
are determined by the matrix elements of σ′(Za,a), σ′(Za,a+1)
and σ′(Za+1,a). The remainder may be omputed diretly
from these using the Lie algebra relations.
We need to onvert between the indies a, b = 0, 1...n
used throughout the paper and the j, k.. = 1, ...n+1 that
label the Gel'fand basis. We therefore dened kˆ = k for
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k = 1, ...n and kˆ = 0 for k = n + 1. Then, the matrix
elements, as given in [18℄,[19℄ are
σ′(Z
kˆ,kˆ
) |M〉 = ǫk,k(
k∑
i=1
mk,i −
k−1∑
i=1
mk−1,i) |M〉 ,
σ′(Z
kˆ, ˆk+1) |M〉 = ǫk,k+1
k∑
i=1
sk,i(M) |M + Ik,i〉 ,
σ′(Z ˆk+1,kˆ) |M〉 = ǫk+1,k
k∑
i=1
sk,i(M − Ik,i) |M − Ik,i〉 ,
(43)
where ǫk,j = 1 for j, k = 1, ..n, −1 for j = k = n+1 and i
otherwise. |Il,k〉 is the state where all the mi,j = 0 unless
i = l and k = j in whih ase ml,k = 1. The sk,j are the
funtions
sk,j(M)
.
= i
k+1∏
i=1
ri,j(k + 1, 0)
k−1∏
i=1
ri,j(k − 1, 1)
k−1∏
i=1,i6=j
ri,j(k, 1)ri,j(k, 0)
. (44)
where
ri,j(k, a) =
√
mk,i −mk,j − i+ j − a
Now, for the ompat ase where the indies a, b =
0, 1, ..n are restrited to the ase i, j = 1, ..n, the repre-
sentations are nite dimensional. In the non-ompat ase,
the indies mi,k labeling the states are not generally nite
dimensional. However, representations of U(1, n) may be
deomposed into innite diret sums of the nite dimen-
sional U(n) representations. In this ase, mi,n label the
irreduible nite dimensional representations of U(n) and,
again, an innite number of these nite dimensional irre-
duible representations of U(n) appear in eah irreduible
representation of U(1, n).
A simple diret omputation shows that the eigenvalue
of the representation of the rst Casimir invariant U is
given by
σ′(U) |ϕ〉 = ηa,bσ′(Za,b) |ϕ〉 = d1 |ϕ〉
where
d1 = η
a,b(Σa,b)M,M =
n∑
a=0
ηa,amaˆ,n+1
= m1,n+1 +m2,n+1.....mn,n+1 −mn+1,n+1
. (45)
Similarly, higher order Casimir eigenvalues dα may sim-
ilarly be omputed in terms of the {mk,n+1} with k =
1, ..n+ 1.
5 Field equations of the quapleti group
5.1 The general Casimir eld equations
The eld equations are dened in (2) to be
̺′(Cα) |ψ〉 = cα |ψ〉with |ψ〉 ∈ H̺ , α = 1, 2...Nc (46)
where for Q(1, n) Nc = n+ 2 and, in addition to C1 = I,
the Cα are dened in terms of the Wa,b given in (14) ,
C2β = η
a1,a2β ...ηa2β−2,a2β−1Wa1,a2 ...Wa2β−1,a2β , (47)
with β = 1, ..n + 1. The representation ̺′(Wa,b) of these
generators is
̺′(Wa,b) |ψ〉 = cσ′(Za,b) |ϕ〉⊗|φ〉⊕|ϕ〉⊗aξ′(A+a )ξ′(A−b ) |φ〉
(48)
where a = 1 − c
s
. Again, c = c1 is the eigenvalue of the
representation,
̺′(I) |ψ〉 = c |ψ〉 .
The representation of the general Casimir invariants
̺′(Cα) involve produts of the ̺′(Wa,b) and therefore ξ′(A±a ).
As the matrix elements of the representations ξ′(A±a ) are
given in (36) in terms of the dierential operators, this ap-
pears to imply that the eld equations will be higher order
dierential equations. However, the Lie algebra may be
used to rearrange the terms dening the Casimir invariant
operators so that it may be established that the invari-
ants will result in no more than seond order dierential
equations. Using the algebra for the representation of the
generators (34), the expression for the representation of
the Casimir invariant operator ̺′(C4) given by substitut-
ing (48) and (47) into (46) may be rearranged into the
form
ηa,cηb,dξ′(A−a )σ
′(Zc,d)ξ′(A+b ) |ψ〉
=
2∑
α=1
2−α+1∑
κ=0
f2κ,α(n+ 1, a, cγ) (σ
′(Dα))
κ |ψ〉 . (49)
where the Dα are the Casimir invariants of the unitary
group given in (17), D1 = U and D2 = η
a,bηc,dZa,dZb,c
and the o-eient funtions depend on the dimension
of the spae, the onstant a = 1 − c
s
and the Casimir
eigenvalues cγ , γ = 1, 2, 4, given in (46) that are onstants
for eah of the irreduible representations of the quapleti
group. The expliit form of these o-eient funtions for
the forth order eigenvalue equation are
f20,1(n, a, cγ) =
1
2
(
cn(1 + n)− (n+1
a
+ n− 1) c2 + c22+c4ac ) ,
f21,1(n, a, cγ) =
1
2a ((1 + a) c(1 + n)− 2c2) ,
f22,1(n, a, cγ) =
1
2ac,
f22,2(n, a, cγ) =
1
2ac.
(50)
The orresponding funtions for the representation of the
Casimir invariant ̺′(C2) (15) are simply
f10,1(n, a, cγ) = c2/a, f
1
1,1(n, a, cγ) = c/a (51)
Note that this equation is a seond order equation
in the operators {A±a }. Similar expressions may be ob-
tained for the remaining eigenvalue equations (46) for
β = 1, 2, ..n + 1 and it may be veried by diret ompu-
tation that, (at least up to C8), these equations are also
seond order equations in terms of the operators {A±a }.
In fat, the equation for C2β with β = 1, ..n + 1 is given
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by
ηa1,a2 ...ηa2β−1,a2βξ′(A−a1)σ
′(Za2,a3)× ..
....× σ′(Za2β−2,a2β−1)ξ′(A+a2β ) |ψ〉
=
β∑
α=1
β−α+1∑
κ=0
fβκ,α(n+ 1, a, cγ) (σ
′(Dα))
κ |ψ〉
(52)
with γ = 1, 2, ...2β.
Furthermore, as from (19) the Dα and the C2β om-
mute, the state |ψ〉 may be taken to be eigenfuntions
of the representations of Dα, σ
′(Dα)|ψ〉 = dα|ψ〉 . The
dα are not onstants on the irreduible representation but
rather label states within the representation. The matrix
elements of the representations σ′ in the |M〉 basis are de-
ned in terms of the Σa,b by (42-44) and we use this to
dene
Σβb,c = η
a2,a3 ...ηa2β−2,a2β−1Σb,a2 ..Σa2β−1,c.
Finally, using (36) to give the matrix elements of
ξ′(A±a ) with respet to the |x〉 basis, the general eld equa-
tions may be written as the eigenvalue equation
Σβb,c,M˜,M
(
xb − ∂
∂xb
) (
xc + ∂
∂xc
)
ψM (x)
= fˆβ(n, a, cγ , dα)ψM˜ (x)
(53)
with c = c1 and the funtions fˆ
β
given by
fˆβ(n, a, cγ , dα) =
β∑
α=1
β−α+1∑
κ=0
fβκ,α(n+ 1, a, cγ)d
κ
α
where α = 1, ...β and γ = 1, 2, ...2β. Thus, the eld equa-
tions are a set of simultaneous seond order dierential
equations. TheΣβb,c are ountably innite dimensional ma-
tries dened in terms of the mi,j , i, j ≤ n and the dα
are dened in terms of the mi,n+1 label the various σ ir-
reduible representations of U(1, n) that appear in eah
irreduible representation of Q(1, n). The cγ label the
irreduible representations of Q(1, n).
5.2 The relativisti harmoni osillator eld equation
In the Poinaré ase, dierent eld equations result from
dierent representations of the little group. The Klein-
Gordon equation resulted from the trivial representation.
In the quapleti group ase, the trivial representation
σ′(Za,b) = 0 results in eld equations that are not in-
variant under the generators of the Heisenberg group.
Using the fatorization U(1, n) ≃ U(1)⊗SU(1, n), on-
sider the a representation where the representation σ′(U)
of U(1) generator is nontrivial but where the σ′(Zˆa,b) of
SU(1, n) are trivial, σ′(Zˆa,b) = 0. The representations of
Q(1, n) therefore degenerate to the representations of the
osillator group Os(n + 1) ≃ U(1) ⊗s H(n + 1) that has
only two independent Casimir invariant operators. C1 = I
is trivial and the quadrati eld equation (54), where the
fβκ,α for β = 1 is given in (51), is just
ηa,b(xb − ∂
∂xb
)
(
xa +
∂
∂xa
)
=
c2 + c d1
a
ψ(x).
This may be rearranged to the familiar equation for the
relativisti osillator(
ηa,b(xaxb − ∂
2
∂xa∂xb
)− cd1 − c2
a
− (n− 1)
)
ψ(x) = 0.
This has solutions suh that lim
|x|→∞
ψ(x) = 0 only if
1
a
(c d1 − c2) + (n− 1) = 2k + n− 1
for all k ∈ Z+ and gives the result that k ≡ d1 and c = 2a
with c2 = 0. Using the denition of a = 1− cs , this results
in
a =
s
2 (s− 1) , c1 = c =
s
(s− 1) .
5.3 Field equations in oherent basis
The general eld equations an be ast into a simpler form
by onsidering a oherent basis |ηK ,M〉 instead of a oor-
dinate basis |x,M〉. The matrix elements
Ξa,b
K˜,K
= 〈ηK˜ | ξ′(A+a )ξ′(A−b ) |ηK〉 = s 〈ηK˜ | ρ′(Za,b) |ηK〉
are dened by (4.38-39). The eld general eld equation
is then
Σβa,b,M˜,M Ξ
a,b
K˜,K
ψkM,K = fˆ
β(n, a, cγ , dα)ψ
k
M˜,K˜
. (54)
The Hilbert spae H
̺
is the diret produt of ount-
ably innite vetor spaes H
̺ = Hσ ⊗Hξ. As noted in
(40-41) the Hilbert spae deomposes into the diret sum
of subspaes H
ξ
k invariant under Ξ
a,b
and hene the la-
bel k on the states that is invariant. Dene Ξk,a,b to be
Ξa,b restrited to Hξk. Then, if we onsider for a mo-
ment the eld equations of Q(n) by restriting the indies
a, b = 0, 1, ..n to i, j = 1, ..n, the eld equations beome
Σβi,j ,M˜,M Ξ
k,i,j
K˜,K
ψkM,K = fˆ
β(n, a, cγ , dα)ψ
k
M˜,K˜
. (55)
Now, for eah k, the Ξk,i,j are nite dimensional ma-
tries of dimension k with Hξk ≃ Vk. Likewise, as the
representation is now ompat, the Σi,j and hene Σ
β
i,j
are nite integer dimensional with dimension and soH
σ ≃
V
dimσ
. All of the quantities are dened and it redues to
a nite matrix eigenvalue problem that is solvable as both
the Ξk,i,j and Σi,j are Hermitian. These give rise to a set
of spinning harmoni osillators as will be disussed in a
subsequent paper.
In the non-ompat ase of general interest, the matri-
es are ountably innite. Never-the-less, these omments
give reason to believe that the solution of these eld equa-
tions are tratable.
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6 Disussion
We were led to the quapleti group from the very ba-
si goal of obtaining a dynamial group that enompassed
both the Poinaré group and the Heisenberg group. One
new physial assumption, the Born orthogonal metri hy-
pothesis, was adopted. There are no other essentially new
physial assumptions in this paper.
The dynamial group framework has proven its ee-
tiveness in the Poinaré ase. We orrespondingly ob-
tained the unitary representations of the quapleti group
and the assoiated eld equations that are the eigenvalue
equations for the Hermitian representations of the Casimir
invariants.
The Poinaré group redues in the limit of c→∞ to
the Galilei group of nonrelativisti mehanis. The Galilei
group ating on the position-time spae leaves the time
subspae invariant. Thus, in the Galilei ase we an speak
of absolute time. The Poinaré group does not have this
invariant subspae and onsequently time is relative to the
observer. The Poinaré groupmixes the position and time
degrees of freedom.
The same phenomena ours with the quapleti group.
The quapleti group ats on a nonabelian time-position-
momentum-energy spae. In a ompanion paper in prepa-
ration [22℄, we show that in the limit b→∞, the quaple-
ti group ontrats eetively to the Poinaré group.
This ontrated group, ating on the full nonabelian spae,
leaves invariant the position-time subspae. Thus, in this
limit there is the onept of absolute position-time spae,
or as it is more usually stated, spae-time. However, under
the full quapleti group, this is no longer the ase. For
strongly interating states, spae-time is relative to the
observer and in general, of the degrees of freedom of the
nonabelian spae mix. That is, spae-time an be trans-
formed into energy and momentum and vie versa.
The eld equations of the quapleti group may be ex-
pliitly determined. The simplest equation in the set is the
relativisti osillator that is the ounterpart in this theory
of the Klein-Gordon equation of the Poinaré ase. In
the general ase, the Hilbert spae H
σ
of the internal de-
grees of freedom orresponding to the little group U(1, n)
is generally innite dimensional. This is unlike the om-
pat group where the little groups of physial interest are
ompat and nite dimensional.
The Hilbert spaeH
ξ
deomposes into spaes H
ξ
k that
are invariant under the ρ representation of the generators
of the little group. This ρ representation arises beause
the normal subgroup H(n+ 1) is non abelian and has no
ounterpart in the Poinaré ase.
How do we reonile these innite dimensional inter-
nal degrees of freedom? The U(1, n) representations may
be deomposed into an innite ladder of nite dimen-
sional U(n) representations. Preliminary results indiate
that under the group ontrations, these ladders break so
that eah nite dimensional representation that is a rung
of the ladder of representations dening the innite di-
mensional irreduible U(1, n) representation beomes a
(nite) irreduible representation of the ontrated group.
This requires further investigation but we know that par-
tile states seem to appear in ladders although we have
apparently probed only the rst three rungs in the inter-
ations that are aessible.
The theory bounds relative rates of hange of mo-
mentum, fore, in addition to the usual rates of hange
of position, veloity. This is embodied by the four dis-
tint Poinaré subgroups with representations of transla-
tion generators represented by the quad
̺′(T ) ↔ ̺′(Qi)
l l
̺′(Pi)↔ ̺′(E)
The Lorentz group of two of these Poinaré groups is
the transformation of the usual (veloity) speial relativ-
ity and the Lorentz group of the remaining two Poinaré
groups is the reiproally onjugate (fore) speial rela-
tivity. The representation of the translation generators
of only one of the four Poinaré subgroups an be simul-
taneously diagonalized, and therefore observed, in this
nonabelian spae. These are the 4 faes of the quad.
Should the quapleti dynamial group have experi-
mental basis, many of the Poinaré group physial on-
epts beome approximate in the same manner that non-
relativisti, Galilei group Casimir invariants are only an
approximate limiting ase. Mass and spin are no longer
the Casimir invariant eigenvalues labeling the irreduible
representations. Ations of the representations of the gen-
eral quapleti an transform states with a given spin and
mass into a state where these are dierent. The eets
of the quapleti group may beome physially signiant
for strongly interating systems where the relative fores
between partile states approah b. These eets beome
apparent at the Plank sales λα dened in terms of the
c, b and ~ basi dimensional onstants. (All three of these
onstants are required in the quapleti group unlike the
Poinaré group for whih only c appears.) Depending on
the value of b, these eets may be diult to aess di-
retly.
A possible alulation that would provide a test of the
quapleti symmetry may be obtained by noting that both
free and interating partile states are states in the Hilbert
spae of the representations of the quapleti group. The
Hilbert spae of the representations of the Poinaré group
are only states for free stable partile partiles and not for
interating or deaying partiles [23℄. The usual Poinaré
group is one of the four Poinaré groups that are sub-
groups of the quapleti group. Therefore, we an onsider
a redution ofQ(1, n) with respet to E(1, n) (or its over).
Eah irreduible representation of the quapleti group is
expeted to ontain a number of unitary irreduible rep-
resentations of the Poinaré group labeled by mass and
spin (µ, s). As the quapleti group has disrete repre-
sentations, one would expet these Poinaré irreduible
representations also be disrete, (µk, sk), k = 1, 2, ....
. This would be a mass-spin spetrum and determine a
disrete set of mass values µk for the free partile states
in eah unitary irreduible representation of the quaple-
ti group. We have denitive experimental information
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about suh disrete spetrums in the low energy regime
against whih to test this data. The generators that are
not in the Poinaré subalgebra enable transitions between
irreduible Poinaré partile states. That is, a free parti-
le with one (disrete) mass and spin is transformed into
another.
The mathematial problem of determining this embed-
ding and its labelling is diult. It has been solved for
SO(3) ⊂ U(3)[24℄. One approah may be to extend these
to SO(1, n + 1) ⊂ U(1, n + 1). It is well known that the
E(1, n) is a group ontration limit of SO(1, n + 1) and
it is likewise true that Q(1, n) is a group ontration limit
of U(1, n). Thus, it may be possible to obtain the desired
embedding using these group ontrations if the general
embedding SO(1, n+ 1) ⊂ U(1, n+ 1) an be solved.
The theory that has been disussed is a speial or
global theory. That is, it is the ounterpart of the spe-
ial relativity theory as apposed to the general relativis-
ti theory. It should be possible to reate a more general
theory by lifting the identiation of Q1,n to the tangent
spae of a general, nonabelian manifold with urvature
and making the parameters loal. Interestingly, Shuller
[13℄ proved a no go theorem for Hermitian metris but
the extra IU term required for it to be a Casimir invari-
ant of the quapleti group auses this no go theorem to
not be appliable.
The next steps in this researh are to show how the
quapleti group redues to eetively the Poinaré ase
in the low interation limit. This mathematially is the
group ontration in the limit b→∞ just as the Poinaré
group ontrats to the Galilei group that is a semi-diret
produt with an Eulidian homogeneous group. This is
being addressed in a follow-on paper [22℄. A losely assoi-
ated problem is to determine how the eld equations (53),
representations of the Casimir operators, redue in this
limit to eetively the usual Klein-Gordon, Dira, Maxwell
and so on of the Poinaré theory. Note the disrete spe-
trum on the right hand side of these equations. A rst step
in this diult problem is to study the eld equations of
the ompat ase (55) to understand the spetrum of the
spinning osillator. The full eld equations with nontrivial
representations of the SU(1, n) involving relativisti spin-
ning osillators [25℄,[26℄,[27℄ need to be expliitly studied.
Finally, the redution or the quapleti group with respet
to the Poinaré group would give insight into the mass-
spin spetrum as desribed above.
The author thanks Peter Jarvis and Young Kim for
their support and insightful disussions of this researh.
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